We carry out an analysis of the cosmological perturbations in general relativity for three different models which are good candidates to describe the current acceleration of the Universe. These three set-ups are described classically by perfect fluids with a phantom nature and represent deviations from the most widely accepted ΛCDM model. In addition, each of the models under study induce different future singularities or abrupt events known as (i) Big Rip, (ii) Little Rip and (iii) Little Sibling of the Big Rip. Only the first one is regarded as a true singularity since it occurs at a finite cosmic time. For this reason, we refer to the others as abrupt events. With the aim to find possible footprints of this scenario in the Universe matter distribution, we not only obtain the evolution of the cosmological scalar perturbations but also calculate the matter power spectrum for each model. We have carried the perturbations in the absence of any anisotropic stress and within a phenomenological approach for the speed of sound. We constrain observationally these models using several measurements of the growth rate function, more precisely f σ8, and compare our results with the observational ones.
I. INTRODUCTION
Cosmology has made a long way on the last years with the impressive amount of observations and theoretical advancements. Yet, it still faces many challenging questions like the fundamental cause of the recent acceleration of the Universe, which was found with SNeIa observations almost twenty years ago [1, 2] , and afterwards confirmed by several types of cosmological and astrophysical observations (see for example [3] for a recent account on this issue). The simplest approach which is in agreement with the current observations is to assume a cosmological constant that started recently to dominate the late-time energy density budget of the Universe [4] . But then the issues of why is it so tiny? and why this cosmological constant has begun to be important only right now? have to be addressed as well (see for example: [5] [6] [7] [8] ). Another, equally important, issue is what happens if the cosmological constant is not quite constant? This has led to a great interest in exploring other possible scenarios to explain the late-time acceleration of the cosmos by invoking either an additional matter component in the Universe, which we name dark energy (DE) [9] [10] [11] , or by modifying appropriately the laws of gravity (for a recent account on this issue see, for example, [12, 13] and the extensive list of references provided therein).
We will focus on the third question: what happens if the cosmological constant is not quite constant? More precisely, we will address this question on the framework of the cosmological perturbations and for some DE models whose equations of state; i.e., the ratio between its pressure and its energy density, deviate slightly from the one corresponding to a cosmological constant. Before proceeding let us remind the following well known fact: if the equation of state (EoS) of DE deviates from -1, the Universe fate might be quite different from the one corresponding to an empty de Sitter Universe. In particular, if the equation of state of dark energy is smaller than -1, i.e., DE is apparently (at least from an effective point of view) not fulfilling the null energy condition, several future singularities or abrupt events might correspond to the cosmic doomsday of the Universe. Amazingly, some of these models are in accordance with current data [14] .
On the other hand, theory of cosmological perturbations is a cornerstone of nowadays cosmology. It provides us with a theoretical framework which allows us to determine, for example, the CMB predicted from an early inflationary era or compute the matter power spectrum and the growth rate of matter in order to make a comparison with the observational results. In addition, it allows us to compute the evolution and possible clustering of DE perturbations and investigate their effect on the growth of dark matter (DM). Even though no perturbations of DE have so far been detected, and are in fact absent in the ΛCDM model, the existence of a great number of experiments aiming to probe the physics of the late-Universe, like the Dark Energy Survey [15] and the Euclid mission [16] , suggests that a thorough study and characterization of such effects can be proven to be important to understand the nature of this mysterious fluid that drives the acceleration of the Universe. With this mindset, on this work we analyse the perturbative effects of phantom DE models 1 and look for observational fingerprints that could be used as a mean to favour or disregard such models.
There are three genuinely phantom DE fates; i.e., which happens if and only if a phantom DE component is present:
• Big Rip (BR) singularity: It happens at a finite cosmic time with an infinite scale factor where the Hubble parameter and its cosmic time derivative diverge [20] [21] [22] [23] [24] [25] [26] [27] .
• Little Rip (LR): This case corresponds to an abrupt event, i.e., it is not strictly speaking a future space-time singularity, as it takes place at an infinite cosmic time [28] . The radius of the Universe, the Hubble parameter and its cosmic time derivative all diverge at an infinite cosmic time [28] [29] [30] [31] [32] [33] [34] [35] .
• Little Sibling of the Big Rip (LSBR): This behaviour again corresponds to an abrupt event rather than a future space-time singularity. At this event, the Hubble rate and the scale factor blow up but the cosmic derivative of the Hubble rate does not [36, 37] . Consequetly, this abrupt event takes place at an infinite cosmic time where the scalar curvature diverges.
These three cases share in common the fact that in the (far) future all the structures in the Universe would be ripped apart in a finite cosmic time [34, 36] . The classical singular asymptotic behaviour of these dark energy models has led to a quantum cosmological analysis of these setups [39] [40] [41] [42] 95] . In these works, it was concluded that once the Universe enters in a genuinely quantum phase; i.e., where coherence and entanglement effects are important, the Universe would evade a doomsdayà la rip. This applies even to the smoother version of these singular behaviours corresponding to a LSBR [41] (see also [43] [44] [45] [46] [47] ).
In this paper, we will analyse the cosmological perturbations of DE models that induce a BR, LR or LSBR. While the background analysis of the phantom DE scenario has been widely analysed, this has not been the case of its cosmological perturbations [48] [49] [50] [51] [52] . In [49, 51, 52] a kinematical approach was assumed, i.e., a dependence of the scale factor as a function of the cosmic time was considered for FLRW Universes with future singularities at a finite cosmic time. Within this setup and using approximated equations for the growth of the perturbations at late-time, the authors obtained the DM and DE perturbations [51] . Furthermore, in [49, 52] , DE perturbations are disregarded and only the growth rate of matter perturbations is calculated. In this work, we will rather assume a dynamical model, i.e., we assume a given EoS for DE. This is the approach employed in Ref [50] , where the future behaviour of the linear scalar perturbations is presented for a type of model that, depending on the value of the parameters, can lead to a BR or a Big freeze singularity [53] . In our analysis, we use the full theory of linear perturbation to study how the perturbations of DM and DE, as well as, the gravitational potential evolve for a range of different scales. Our numerical integrations start from well inside the radiation era and continue till the far future. In fact, in order to see the behaviour of the phantom DE models, we extend our numerical calculations till the Universe is roughly e 12 times larger than at present, i.e., roughly z ∼ −1. In the perturbative analysis carried out we (i) disregard any anisotropic stress tensor, (ii) consider the DE perturbations to be non-adiabatic and (iii) describe this non-adiabaticity within a phenomenological approach for the speed of sound. On the other hand, we disregard the contribution of neutrinos as a first approach where we do not use a more advanced Boltzman code such as CAMB [54] or CLASS [55] .
The paper is organised as follows: In Sect. II, we briefly review DE models that induce a BR, LR or LSBR; i.e., we review perfect the fluids that can describe DE from a phenomenological point of view and leading to the above mentioned singularity or abrupt events. In Sect. III, we present the framework for studying the scalar linear perturbations. The evolution equations obtained employ no approximations and are therefore valid for all relevant modes and redshifts, as long as the linear theory is itself valid. We present our numerical results in Sect. IV, where we show the evolution of different perturbed quantities related to DM and DE. We present as well the matter power spectrum for the different models. We equally constrain these models using several measurements of the growth rate function, more precisely f σ 8 . Finally, in Sect. V, we present our conclusions.
II. BACKGROUND MODELS
In this section, we briefly review the different models that, at the background level, lead to distinct future cosmological abrupt events: (i) Big Rip (BR), (ii) Little Rip (LR) and (iii) Little Sibling of the Big rip (LSBR). For each of these models, we begin by presenting an EoS for DE that can originate such genuinely phantom abrupt events in the future, while ensuring that the background evolution follows closely that of ΛCDM until the present time. These models should be interpreted as an effective description of a more fundamental field, therefore, even though at the background level they might be defined by a barotropic fluid, the same should not be assumed at the perturbative level. In fact, as we will discuss below, in order to avoid non-physical instabilities we will explicitly break the adiabaticity of the DE perturbations. Bearing in mind, from now on, the approach that we will follow, we next describe the effective background models that we will contemplate.
Let us consider a homogeneous and isotropic Universe described by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric:
where a(t) is the scale factor and k = −1, 0, 1 for open, flat and closed spatial geometry, respectively. We will focus on the spatially flat case (k = 0), for which the Friedmann and Raychaudhuri equations read
2)
Here, H is the Hubble parameter, a dot represents a derivative with respect to the cosmic time, t, G is the cosmological constant and ρ and p are the total energy density and pressure of all the matter content of the Universe. In this work, we will consider the Universe to be filled by radiation, dust (cold dark matter and baryons), and DE. As such, we can decompose ρ and p as
where ρ r , ρ m , and ρ d correspond to the energy density of radiation, matter (cold dark matter and baryons) and DE. Similarly, p r , p m , and p d are the pressure of radiation (p r = 1/3ρ r ), matter (p m = 0), and
We will not take into account interactions between the individual matter components. Consequently, each fluid A = r,m,d verifies the usual conservation equation:ρ
For latter convenience, we define the fractional energy density of the individual mater components as 6) and the individual parameters of EoS
The DE parameter of EoS, w d , will be fixed later for each individual model. From (2.4) and (2.6) we can obtain the total parameter of EoS, w, from the individual w A as:
In the following subsections, we present the three models which will be studied in this work. From this point onward a 0-subscript denotes the present value of a given quantity. On the other hand, we will denote with a * -subscript, a point in the future evolution of the Universe, a (t * ) = a * , where DE totally dominates over the matter, i.e. ρ m (a * ) ≪ ρ d (a * ).
A. BR singularity: model (i)
A BR singularity [20] [21] [22] [23] [24] [25] [26] [27] can be induced by a perfect fluid whose EoS parameter, w d , is constant and smaller than −1:
Therefore, using the conservation equation (2.5), the energy density evolves with the scale factor as
Finally, the asymptotic evolution of the scale factor is
where t s corresponds to the time of the singularity. In this kind of future singularity, the scale factor, the Hubble parameter and its cosmic time derivatives blow up at a finite cosmic time. On the rest of the work, for the BR model we fix the free parameters of the model to the best fit in accordance with the Planck data for wCDM model [56] : The case of a LR [28] [29] [30] [31] [32] [33] [34] [35] can be caused by a perfect fluid whose EoS fulfils [30, 32] 12) where the constant B is positive and has dimensions of inverse length square. Applying the conservation equation (2.5), the energy density in terms of the scale factor reads
where we have introduced the dimensionless parameter Ω lr ≡ (8πG)/(3H 2 0 )B 2 . Finally, the asymptotic future evolution of the scale factor can be written as [34] a (t) ∼ a 0 exp exp 3 2 Ω lr H 0 t , (2.14)
In this kind of abrupt event, the scale factor, the Hubble parameter and its cosmic time derivatives blow up at an infinite cosmic time. For our later numerical calculations and as a guideline we fix Ω m0 = 0.306 and H 0 = 68.1 km Mpc −1 s −1 as given by Planck [4, 56] and Ω lr = 1.2898 × 10 −4 . The value of the parameter Ω lr is chosen such that at the start of our numerical calculations the corresponding EoS parameters is equal to the one given by the model (i), i.e. w lr (a ini ) = w br .
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C. LSBR abrupt event: model (iii)
The LSBR can be induced by a perfect fluid whose EoS deviates from that of a cosmological constant as [36] 
where A is a positive constant and whose dimensions are length to the fourth power. Making use of the conservation equation (2.5), the energy density on this case reads
where we have introduced the dimensionless parameter Ω lsbr ≡ (8πG)/(3H 2 0 )A. Finally, the future asymptotic growth of the scale factor with respect to the cosmic time can be written as [36] 
In this type of abrupt event, the scale factor and the Hubble parameter blow up at infinite cosmic time. However, the cosmic time derivative of the Hubble parameter remains constant. For our later numerical calculations and as a guideline we fix Ω m0 = 0.306 and H 0 = 68.1 km Mpc −1 s −1 as given by Planck [4, 56] and Ω lsbr = 2.2134 × 10 −2 . The value of the parameter Ω lsbr is chosen such that at the start of our numerical calculations the corresponding EoS parameters is equal to the one given by the model (i), i.e. w lsbr (a ini ) = w br .
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D. Comparing these models
Aside from the definition of the BR, LR and LSBR given in the introduction, a few words are in order to compare the models we analyse in this work from a background point of view. All the models presented above can be seen as a deviation from ΛCDM which can be recovered by setting w d = −1 on the first model, B = 0 on the second model and A = 0 on the third model. Despite this apparent similarity with ΛCDM, they are characterised by a DE EoS satisfying w < −1, so they correspond to phantom models whose end state is drastically different from the de Sitter behaviour of a cosmological constant dominated Universe. In all these cases, the Universe is not only accelerating but super accelerating asymptotically. This fact leads the universe unavoidably to unzip itself; i.e., all the bounded structures within it will be destroyed. As can be seen from the asymptotic expansion of the scale factor a(t) in Eq. (2.14), the BR is a true singularity as it would take place at a finite cosmic time from now. In addition, the geodesics cannot be extended beyond that point [57] . On the other hand, the LR is more virulent than the LSBR as can be seen from Eqs. (2.14) and (2.17), although both of them would happen at an infinite time from now.
In a FLRW background a phantom perfect fluid can in principle be described through a phantom scalar field, i.e., a minimally coupled scalar field with the opposite sign for its kinetic term [21] . In particular, this statement applies to the models we are considering. While a detailed study of this equivalence is not the purpose of this work, in the Appendix A we briefly explore the phantom scalar field model that could describe the phantom models (i), (ii) and (iii).
We will next analyse the behaviour of these models within the standard framework for the cosmological perturbations. As a first approach and in the rest of the work, we will disregard any anisotropic stress tensor and consider that the DE perturbations are non-adiabatic. As we will show, the second supposition is crucial to get a right description of the matter power spectrum. In addition, and as a matter of simplicity, the non-abiabaticity will be described within a phenomenological approach rather than in a more fundamental scope able to describe unequivocally and realistically the speed of sound. This issue is discussed in Section III A.
III. PERTURBED EQUATIONS
In this section, we review theory of linear perturbations for multi-fluid components. We choose the Newtonian gauge and work with the corresponding gauge invariant perturbation quantities. For a FLRW Universe, the perturbed line element is [58, 59 ]
where η is the comoving time, dη = (1/a)dt, a latin index denote purely spatial coordinates, and Ψ(η, x i ) and Φ(η, x i ) are the gauge invariant Bardeen potentials [60] . The transformation rule{ } = (1/a){ } ′ , where a prime represents a derivative with respect to the conformal time, allows us to write H andḢ in terms of the conformal Hubble parameter, H ≡ a ′ /a, and its derivative, H ′ , as
Drawing from the line element (3.1), the inverse of the metric tensor can be obtained applying a Taylor expansion up to first order. Once we define the Christoffel symbols, we can compute the perturbation of the Ricci tensor, δR µν , and of the curvature scalar, δR, in order to obtain the perturbed Einstein tensor δG µν ≡ δR µν − 1 2 δ µ ν δR. In addition, the perturbed Einstein equations read
where δT µ ν is the linear perturbation of the total energy momentum tensor. The individual components of Eq. (3.3) can be written as [58, 59] 
where δρ A , δp A , v A , and Π i A j are, respectively, the perturbation of the energy density, the perturbation of the pressure, the peculiar velocity potential and the anisotropic stress tensor of the fluid A. As a first approximation we consider that none of the fluids introduce anisotropies at the linear level of scalar perturbations. Therefore, from this point onward we will set Π i A j = 0. From Eq. (3.4), we find that this implies the equality of the metric potentials Ψ = Φ. Replacing this equivalence and Eqs. (3.5) in the first three equations of (3.4), we obtain [58, 59] 
where we have introduced the total energy density perturbation, δρ, total pressure perturbation, δp, and total velocity potential, v. These can be written in terms of the individual fluid variables in Eqs. (3.5) through the relations
Following [61, 62] , we decompose the pressure perturbation as
where
are, respectively, the effective squared speed of sound, defined in the rest frame (r.f.), of the fluid and the adiabatic speed of sound. In the following analysis, we will replace the energy density perturbation δρ A by the fractional energy density perturbation δ A = δρ A /ρ A . The total perturbation δ can be obtained from Eq. (3.7) and reads
The perturbed conservation equations of the energy-momentum tensor for each fluid read:
where δΓ α µν is the perturbation of the Christoffel symbol and T α Aν is the background value of the energy momentum tensor. Using Eqs. (3.5), (3.8), (3.9), and (3.10), we can compute the temporal and spatial components of Eq. (3.11) and obtain the evolution equations for the fractional energy density perturbation δ A and the velocity potential v A
In summary, from the perturbed Einstein equation, we obtain Eqs. (3.6) which relate the metric perturbations to the total perturbed matter quantities. On the other hand, from the perturbed conservation equations we obtain Eqs. (3.12) which dictate the dynamics for the individual energy density and velocity perturbations. In order to study the evolution of the linear perturbations, we conveniently apply a Fourier transformation, where we decompose a given function ψ(η, x) into its Fourier components ψ k (η) as
Therefore, for practical purposes, we make the substitution ∇ 2 → −k 2 in all the evolution equations. On the other hand for our numerical calculations, we will apply the following change of variable:
where the subscript x denotes a derivative with respect to x. By applying the Fourier decomposition (3.13) and the transformation (3.14) to the sets of equations (3.6) and (3.12), we obtain the evolution equations for each mode of the energy density and velocity perturbations of radiation, dust and dark energy
and for the metric potential
A. The speed of sound of DE So far, in this work we have described all the individual matter components as perfect fluids with a barotropic equations of state p A (ρ A ). Since a barotropic fluid is adiabatic, its effective and adiabatic squared speeds of sound are the same (cf. Eq. (3.9)). While for radiation and matter such a representation works well, for fluids with negative EoS, in particular for fluids playing the role of DE, there might be some problems if the squared speed of sound becomes negative, as this would lead to instabilities at the perturbative level. As a matter of extra-clarification we discuss in the Appendix C how instabilities at the linear level in perturbations arise in fluids with a negative adiabatic squared speed of sound. It is therefore necessary to take into account additional considerations for the DE fluid. To avoid this problem we note that the EoS presented in the previous section are effective descriptions of some unknown fundamental field. As such, the barotropic nature of the models at the background level is not necessarily inherited by the cosmological perturbations. Bearing this in mind, we fix the effective squared speed of sound of DE, as defined in (3.9), to unity, i.e., in Eqs. (3.15) we set c 2 sd = 1, while c 2 ad is given by Eq. (3.9). We next show the expressions for the adiabatic speed of sound corresponding to the the models (i), (ii) and (iii), respectively.
This strategy can be encountered in several works in the literature [61] [62] [63] and in cosmological codes such as CAMB [54] and CLASS [55] in particular when interpreting the DE fluid as Quintessence. Here, we would like to point out that our choice of c 2 sd = 1 is purely phenomenological rather than deduced from a realistic theoretical grounded model. Nevertheless, as discussed in the Appendix A, this choice for c 2 sd extends to first order in perturbations the possibility of mapping the phantom DE fluid to a phantom scalar field.
B. Initial conditions
Once the system of equations of the perturbed quantities is defined, we need to impose proper initial conditions in order to compute the cosmological evolution of the perturbations (cf. for example [64, 65] for a detailed discussion on the initial conditions on DE models). For this goal, we will take into account the following considerations. First, we assume that at an initial moment, z ∼ 10 6 (which roughly corresponds to x ini ∼ −14), the Universe is completely dominated by radiation, so that all relevant quantities of the total matter fluid are those of a perfect fluid with p = ρ/3. Secondly, we note that at such moment the wave-length of all the relevant modes is small when compared with the comoving Hubble parameter (k ≪ H), i.e. they are outside the horizon. With these two approximations, we can combine the first and third equations of (3.16) and obtain a closed evolution equation for the metric potential in the asymptotic past [11] 
The dominant solution of this equation is a constant solution Ψ ini = Ψ(x ini ). 5 Applying this result to the set of equations (3.16), we find that initially
Assuming initial adiabatic conditions, we can relate the initial values of the individual fluid perturbed variables to the total perturbation in Eq. (3.19) through [11, 64, 65] 
This allows us to write the initial values of δ A in terms of δ ini as
By imposing the adiabatic condition (3.20) between two fluids A and B on the comoving gauge, we obtain 22) which then leads to the initial values of the peculiar velocities:
We note that the conditions (3.21) and (3.23) coincide with the ones presented in [64] in the absence of neutrinos. Making use of the linearity of Eqs. (3.15) and (3.16), we can first compute the evolution of the perturbation quantities using the initial conditions (3.19), (3.21) and (3.23) for Ψ ini = 1 (which implies δ ini = −2) and then multiply all the solutions obtained by the physical value of δ phys (k), which we will take from the Planck observational fit to single field inflation [4] :
Here, A s and n s are defined as the amplitude and spectral index of the primordial inflationary power spectrum corresponding to a previously selected pivot scale k pivot . In this work, we will use the values k pivot = 0.05 Mpc −1 , A s = 2.143 × 10 −9 , and n s = 0.9681 in accordance with Planck observational data [4] .
C. Matter power spectrum and the growth rate
The matter power spectrum describes how galaxies are distributed along the Universe and provides us with a method to compare theoretical predictions with the observational data. In this work, we will compute the linear matter power spectrum for each model studied in Sec. II and we will try to detect deviations from the predictions of ΛCDM. The [66, 67] , while the analysis carried out in this work has been done in the Newtonian gauge. Using the variables employed in the previous sections, we can resolve this gauge difference by expressing the matter power spectrum as
Another method we will use to constrain the models presented in Section II is based in computing the growth rate of the matter perturbations for the different models. By definition, the growth rate of the matter perturbations is given by the formula [49] 
For DM-DE models that closely mimic ΛCDM, it was found that the growth rate at late-time can be approximated reasonably well by the formula [68] [69] [70] 27) where γ ≃ 0.55 for ΛCDM. The next to leading order of (3.27) can be found in [56] .
In this work, instead of using any approximated parametrisation, we opt to calculate the evolution of the growth rate f for each DE model using the full Eqs. (3.15)-(3.16) and compare the results with observations. We note, however, that in most cases, the observational data refers not to the growth rate f directly, but to the combination f σ 8 , where σ 8 is the root mean square mass fluctuation amplitude in spheres of size 8h −1 Mpc which is used to normalise the matter power spectrum. This combination has the advantage that it avoids the degeneracy in the parameter space regarding σ 8 and the linear bias, b, between the perturbations of dark matter and density of galaxies [71] . We calculate the temporal evolution of σ 8 by the formula 6 [72]
where k σ8 = 0.125 hMpc −1 is the wave-length of the mode corresponding to distances of 8h −1 Mpc. For each of the DE models considered in this work, we will calculate the evolution of f σ 8 using the numerical solutions of Eqs. (3.15)-(3.16) and the relations (3.26) and (3.28) . For all the models we use σ 8 (0, k σ8 ) = 0.820 [56] as the present day value of σ 8 . We compare the results obtained with the available observational data [71, [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] to check whether the predictions of the models are within the observational constraints. Since at the background level these models are very similar to ΛCDM till the present time, we expect that the deviations from ΛCDM in the evolution of the growth rate to be small.
IV. RESULTS
In this section, we present and discuss the results obtained for the evolution of the cosmological perturbations in the three models discussed in Sec II that contain distinct future cosmological abrupt events: 3.24) . In addition, for each model this integration was repeated for 200 different modes with wave-numbers ranging from k min ∼ 3.3 × 10 −4 h Mpc −1 , which corresponds to the mode that is exiting the Hubble horizon at the present time, to a k max ∼ 3.0 × 10 −1 h Mpc −1 . Notice that for k k max the validity of the linear perturbation theory breaks down as non-linear effects start to become dominant in the evolution of the perturbations. In fact, k max should be at most 2.0 × 10 −1 h Mpc −1 . On the plots we included the higher value k max ∼ 3.0 × 10 −1 h Mpc −1 to amplify visually the effect and evolution on the largest modes. As we mention in Sec. II, the cosmological parameters Ω m0 and H 0 for all the three models studied were taken from the recent Planck mission [4] . While the value of w d for the model (i) was fixed according to the Planck data for wCDM model [56] , the parameter Ω lr of model (ii) and the parameter Ω lsbr of model (iii) were fixed so that in all models the variable δ d has the same value at the initial moment.
7 As such, the results of this section should be viewed as a first step in obtaining a description of the evolution of the cosmological perturbations in phantom DE models. A more realistic picture of the imprints of each model will be explored in a future work where a fit of the parameters of the models will be performed using the available cosmological data.
In Fig. 1 , we illustrate the evolution of the cosmological perturbations, since the initial moment and till a point in the future evolution of the Universe. The two top panels show the evolution (top-left) of the fractional energy densities of DM, δ m , and (top-right) of the gravitational potential, Ψ, which has been normalised with respect to its initial value, Ψ ini , while the bottom panel shows the evolution of the fractional energy densities of DE, δ d . In each panel we identify the results of the model (i) using solid lines, the results of the model (ii) using dotted lines and the results of the model (iii) using dot-dashed lines. For each of these quantities, we plot the results for 6 different wave-numbers: k = 3.33 × 10
(light blue), k = 1.54 × 10 −2 h Mpc −1 (green), k = 6.80 × 10 −2 h Mpc −1 (orange), and k = 0.30h Mpc −1 (red). In terms of evolution, we can distinguish three different behaviours, according to the range of the wave-numbers:
• large k: 0.30 hMpc −1 (red) and 6.80 × 10 −2 hMpc −1 (orange).
• medium k: 1.54 × 10 −2 hMpc −1 (green) and 3.50 × 10 −3 hMpc −1 (light blue).
• small k: 7.93 × 10 −3 hMpc −1 (dark blue) and 3.33 × 10 −4 hMpc −1 (purple).
The top-left panel of Fig. 1 shows that the evolution of the matter perturbations for the different models and for ΛCDM presents an almost identical behaviour. During the initial radiation dominated epoch, each individual mode remains constant until it enters the Hubble horizon. After this point, the gravitational collapse leads to the growth of δ m , which becomes exponential in x during the matter era. Once the DE starts to become dominant, the growth of the matter perturbations slows down as δ m seems to converge to a constant value in the asymptotic future. Notice that since the modes with larger k enter the horizon at earlier time, they correspond to the curves with higher values of δ m in Fig. 1 .
The top-right panel of Fig. 1 presents the evolution of the gravitational potential Ψ. As in the case of δ m , the overlap between the three models studied and ΛCDM is almost perfect and any differences until the present time are virtually undetectable. For all the ranges of k considered the perturbations start with a constant value at the radiation dominated epoch, reach a second plateau during the matter dominated era and start decaying when DE starts to dominate. Nevertheless, we can identify some qualitative differences in the evolution of Ψ until the present time, depending on the range of k:
• large k: These modes enter the Horizon during the radiation dominated era. Around the time of horizon crossing they start to decay and can present oscillations before the moment of radiation-matter equality. Then, during the matter dominated era the oscillations are suppressed and the perturbations reach a constant value till DE gains importance.
• medium k: The gravitational potential remains constant during the radiation dominated epoch, decays around the radiation-matter equality and reaches a second plateau in the matter dominated era. The decay observed in the transition between the two epochs is scale dependent and affects mostly the modes with higher wave-number.
• small k: As in the previous case, the modes corresponding to the smallest wave-numbers show a constant behaviour during the radiation dominated and the matter dominated epochs and a decay around the radiationmatter equality. Here, however, the decay is scale independent and for all the modes the amplitude of Ψ/Ψ ini during the matter era is 9/10 of its initial value, as follows from theoretical prediction in the limit k → 0 [11] . |δm| h Mpc
The top panels of this figure show the evolution of (top-left) the matter perturbation, δm, and (top-right) the gravitational potential, Ψ, the latter being normalised to its initial value Ψini, for different modes k. All the three models considered present an almost identical behaviour that makes them indistinguishable from ΛCDM (such is the case that although we have plotted the results of k 3/2 |δm| and Ψ/Ψini for ΛCDM, we cannot distinguish those results from the others). The bottom panel shows the evolution of the perturbation of DE, δ d , for the same modes. Here, the differences between the three models become more noticeable, in particular in the amplitude of the perturbations. In all panels the solid lines correspond to the model (i), the dotted lines to the model (ii) and the dot-dashed lines to the model (iii). Each colour represents a different mode: k = 3.33 × 10 −4 h Mpc −1 (purple), k = 7.93 × 10 −4 h Mpc −1 (dark blue), k = 3.50 × 10 −3 h Mpc −1 (light blue), k = 1.54 × 10 −2 h Mpc −1 (green), k = 6.80 × 10 −2 h Mpc −1 (orange), k = 0.30h Mpc −1 (red). All perturbations are represented versus x = log(a/a0) which varies from values well inside the radiation era (x = −13.81) till the far future (x = 12). The value x = 0 corresponds to the present time. The dashed vertical line corresponds to the radiation-matter equality while the solid vertical line represents the equality between DE and matter.
Around the matter-DE equality, we find that for all modes the amplitude of the gravitational potential starts to decay rapidly. However, after some 5 e-folds of expansion into the future, the top-right panel of Fig. 1 seems to indicate that the value of the modes of the gravitational potential stabilises at a negative value. In order to have a clearer picture of this behaviour, we plot in Fig. 2 Here, we see that after an initial period of exponential decay, eventually the value of Ψ changes sign and then evolves towards a negative constant (negative values of Ψ are indicated a dashed line). This behaviour is in clear contrast with the evolution in the ΛCDM model, indicated by dotted lines, where we see that the exponentially decay with respect to x continues asymptotically. Although not depicted here, it was found that for quintessence models with constant w > −1 the gravitational potential also evolves towards a constant but with a positive asymptotic value. Therefore, this change in sign of the gravitational potential appears as a clear indicator of a phantom evolution. Notice however that this only happens in the far future and cannot be observed at the present time. From Fig. 2 it can also be seen that this effect is scale dependent, for the same model the change in sign happens first for the larger scales and only later for the smaller ones, and model dependent, for the same value of k the change in sign happens first for the model (i), then for the model (ii) and finally for the model (iii).
In order to understand the effects described above, we note that once the DE dominated era begins and the modes start to exit the horizon again, the gravitational potential is initially sourced by the matter perturbations and DE perturbations. Therefore, the first equation in (3.16) can be written as
If the rhs of Eq. (4.1) evolves asymptotically to a positive constant, then the potential stabilises at a positive value. On the other hand, if the potential is to cross the Ψ = 0 value and stabilise at a negative value than the the rhs of Eq. (4.1) needs to evolve towards a negative constant in the far future. We now recall that Ω m is decreasing exponentially with x while Ω d is approaching unity, and that due to the adiabatic conditions (3.21) imposed at the beginning of the integration, δ m is negative-valued while for a phantom fluid δ d is positive-valued. Thus, the changing of sign of the gravitational potential can happen in a phantom DE model after the equality
is reached. From Fig. 1 we observe that when δ m and δ d become constant after matter-DE equality, |δ m | is larger for the modes with larger k while δ d larger for the modes with smaller k. Therefore, the modes corresponding to smaller scales are the ones that see the change in the sign of Ψ first. On the other hand, for the model (i) the ratio Ω m /Ω d decays faster than for the models (ii) and (iii), while decaying faster for the model (ii) than for the model (iii). Therefore, for the same value of k the equality (4.2) is reached first for model (i), then for model (ii) and finally for model (iii), as seen in Fig. 2 . The bottom panel of Fig. 1 , we present the evolution of the fractional energy density of DE for different wavenumbers. In contrast with the perturbations of DM, here we observe some differences between the three models. First, we note that while the initial value of δ d,ini is the same for all the models, at the present time for the models (ii) and (iii) δ d appears to be systematically suppressed on all the scales with regards to the model (i). This suppression can be understood by the evolution of δ d deep inside the radiation dominated and the matter dominated epochs. For model (i) we observe in Fig. 1 that all the modes present a constant plateau in these periods. in contrast, in the models (ii) and (iii) we find that similar plateaus exist in these periods but with a negative tilt, meaning that the amplitude of δ d is continuously decreasing until the present time. This effect seems to be tied to how strong is the variation of w d during these periods since the model (iii), which is the one that more rapidly converges to w d ≈ −1 is the one that sees a stronger suppression of the DE perturbations.
Similarly to what happens with the DM perturbations, we can characterise the qualitative evolution of δ d in terms of the range of the wave-number of the mode:
• large k: These modes are the first to enter the horizon during the radiation epoch. While initially their amplitude decreases slowly, after the horizon crossing they suffer a fast decay and we observe a damped oscillatory behaviour till the radiation-matter equality. At this point the modes present a second plateau and that lasts until the end of the matter era. Once DE starts to dominate they start to decay rapidly once more.
• medium k: In this range, the modes present a behaviour of transition. While they enter the horizon only in the matter era, and therefore present no early oscillations, we still observe the existence of a plateau during the matter dominated era. The length of the plateau depends on the horizon crossing time -for the modes with smaller k the amplitude does not have time to stabilise before the DE dominated epoch. At this point, the amplitude starts to decay but, much like what happens for modes in the small k range, it stabilises once the accelerated expansion shrinks the Hubble radius and leads the modes to exit the horizon.
• small k: These modes are outside of the horizon for most of their evolution and therefore present little to no variation in amplitude till close to the present time, when they enter the horizon. At this point we observe a difference in behaviour, with the modes with smallest wave-numbers being amplified during the initial stages of the DE dominated epoch, while the largest modes in this range present a slight decay. Once the DE fluid completely dominates, however, the modes exit the horizon and their amplitude stabilises once more.
Despite all the differences in behaviour and amplitude between distinct modes, we always find that the amplitude of DE perturbations is extremely small when compared to DM. This validates the usual assumption of a DE smooth fluid.
On the left hand side (lhs) of Fig. 3 , we compare theoretical matter power spectrum, P δm , for each of the models considered in this work with the one predicted by ΛCDM. For all the cases, we find an almost perfect superposition of the spectra. This reflects the close resemblance in terms of evolution of all the models up to the present time and suggests that observables like the matter power spectrum may not be able to distinguish dark energy models that do not differ significantly from ΛCDM till today. In each panel we identify the results of model (i) using solid lines, the results of model (ii) using dotted lines and the results of model (iii) using dot-dashed lines.
In order to be able to make a comparison between the results of the models (i), (ii) and (iii) we have proceeded to plot on the rhs panel of Fig. 3 the relative difference in the magnitude of the matter power spectrum with respect to the ΛCDM model. For all the models we find a small enhancement ( 1%) in the amplitude of the matter power spectrum that is practically constant for modes that are outside of the horizon at the moment of the radiation-matter equality. At the large-scale end of the spectrum, we find that this enhancement becomes increasingly small. This effect seems to be related to how much the model in question deviates from ΛCDM until the present time: model (i) which is the one that deviates the most from ΛCDM is the one that sees a stronger enhancement, while model (iii) is the one that more closely resembles ΛCDM and sees the faintest effect. These results are in conformity with Fig. 6 of
The lhs panel shows the almost perfect superposition of the matter power spectra, P δm , of the models (i), (ii) and (iii) with the matter power spectrum of ΛCDM. For clarity of the plot, we did not plot the case of ΛCDM as it overlaps perfectly with the other three curves. The rhs panel shows the relative deviation of each model in comparison with ΛCDM. In both panels, the red solid curve corresponds to the model (i), the blue dotted curve corresponds to the model (ii) and the black dot-dashed curve corresponds to the model (iii). The dashed vertical line denotes the mode that crossed the horizon at the moment of the radiation-matter equality. All the models present a small enhancement ( 1%) of the amplitude of P δm . This effect is increasingly suppressed for large scales but seems to become scale invariant for modes that are already inside the horizon during the radiation-matter equality. The model that induces a BR singularity shows the highest enhancement in the power spectrum while the model that induces a LSBR abrupt event presents the smallest deviation respect to the ΛCDM model.
Ref. [21] where it is shown that in wCDM the suppression of the growth of the matter perturbations becomes smaller as (1 + w d ) becomes more and more negative.
Finally, we present in Fig. 4 the evolution of f σ 8 (lhs panel) and the relative deviation of f σ 8 with respect to ΛCDM (rhs panel) for the three models studied and for a redshift within the range z ∈ (0, 1.4). In each panel we identify the results of the model (i) using solid lines, the results of the model (ii) using dotted lines and the results of the model (iii) using dot-dashed lines. We find that all models are within the error bars for almost all the points (cf . Table II) . Nevertheless, there seems to be some tension between the theoretical predictions and the observational data, as the f σ 8 curves are systematically above most of the data points for redshifts up to z ∼ 0.8. This tension between the theoretical predictions based on CMB data -higher values of Ω m and σ 8 -and the local redshift distortion measurements -lower values of Ω m and σ 8 -is already found in ΛCDM and is not a special feature of the models studied in this work. A more detailed discussion on this topic can be found in [88, 89] .
On the rhs panel of Fig. 4 , which presents the relative deviation of each model with regards to ΛCDM, we find the same tendency as in the case of the matter power spectrum in Fig. 3 : there is an enhancement of f σ 8 for all models ( 0.4%) that seems to be more intense the more the model deviates from ΛCDM, i.e., the effects are more intense for the model (i), followed by the model (ii) and finally for the model (iii). These results are in conformity with the increase in the growth of the matter perturbations in a phantom scenario shown in Fig. 6 of Ref. [21] . After the matter-DE equality at z ∼ 0.3 − 0.4, this effect starts to vanish rapidly, with the deviations from ΛCDM being 0.08% around the present time. This behaviour seems to be associated to the fact that in all models δ m becomes constant at late-time, when DE completely dominates the energy budget of the Universe.
By simply looking at the plot on the lhs of Fig. 4 , we can clearly see that the three considered models fit pretty well the observations. We can try to understand which of these three models fits better the observational data. For this we would need to make a fitting of the background models which is far beyond the current work. Therefore, we will simply "extrapolate" the definition of the reduced χ 2 :
Here, f obs (z i ) and f th (z i ) are, respectively, the observational and theoretical growth rates at redshift z i , while σ i is the corresponding error for each measurement and N the total number of observations while N fp is the number of fitted parameters. We will work out these numbers for N fp = 3 as our model has, or N fp = 0 as we did not fit any of them. Likewise, we will do it for the ΛCDM model. Our results are shown in table I. These results seem to suggest f σ8
The lhs panel of this figure shows the evolution of f σ8 in terms of the redshift against the available data points indicated in Table II . The red solid curve corresponds to the model (i), the blue dotted curve corresponds to the model (ii) and the black dot-dashed curve corresponds to the model (iii). For clarity of the plot, we did not plot the case of ΛCDM as it overlaps with the other three curves. The rhs panel shows the relative deviation of f σ8 with respect to ΛCDM. It can be shown that for the models there is a small enhancement of f σ8 ( 0.4%), which starts to decrease rapidly after the matter-DE equality (z ∼ 0.3 − 0.4). The model that induces a BR singularity shows the highest enhancement in the power spectrum while the model that induces a LSBR abrupt event presents the smallest deviation respect to the ΛCDM model. that although all the models considered in this work provide a good fit to the observational data, this fit tends to become worse as the background evolution deviates more from ΛCDM.
Model
V. CONCLUSIONS
In this work, we analyse the cosmological perturbations within the framework of GR, taking into full account the presence of DE at the perturbative level. The DE component is described by three different models, where each one of them behaves almost as ΛCDM model at present but induces a unique doomsday scenario in the future: model (i) leads to a BR; model (ii) leads to a LR; model (iii) leads to a LSBR. At late time, the parameter of EoS of DE for each of these models is very close to but slightly smaller than −1, thus corresponding to a phantom-like behaviour of DE. Despite the small variations of the parameter of the EoS for the three models, the asymptotic behaviour of the Universe is quite different from the one in ΛCDM, with the unavoidable rip of all the structure in the Universe no matter the interaction that bound them.
The cosmological parameters of the models are fixed as follows: the value of H 0 and Ω m,0 in all the models, as well as of w d in model (i) were fixed using the best fit in the Planck data [56] . For the models (ii) and (iii) we fix the respective parameters Ω lr and Ω lsbr so that the amplitude of the DE energy density perturbations is the same for all models in the distant past. This choice of parameters was made so as to better understand the relative effects of each model on the evolution of the perturbations. In addition, we fix the effective squared speed of sound of the DE fluid, defined as δp d /δρ d in the rest frame of the fluid, to unity. This choice was made to remove potential instabilities in the dark sector that would lead the DE perturbations to quickly violate observational constraints. An improved analysis would incorporate in the calculations an observationally constrained value for all the parameters , obtained by constraining the homogeneous and isotropic evolution of the model using standard candles like SNeIa.
For each of the models studied, we analyse the evolution of the linear cosmological perturbations in absence of an anisotropic stress tensor and considering non-adiabatic contributions for the DE perturbations. In particular, we compute numerically the evolution of the matter density contrast for the DM and DE components, together with the TABLE II. This table shows the available observational data points for f σ8 at different redshifts, which are plotted in Fig. 4 . For each data point we present, in order, the value of the effective redshift, the value of f σ8 and respective error, the corresponding survey, and the reference from which the values were taken.
evolution of the gravitational potential. The integrations are performed from well inside the radiation era till the far future. The outcome, which we present in Fig. 1 , shows that in all the models there is a very similar behaviour in the evolution of the perturbations. The largest difference until the present time seems to lie in the magnitude of DE perturbations: even though the initial value of δ d is the same in all the models, we find that the more the background model resembles ΛCDM, the smaller δ d is at the present time. This effect is observed for all the scales. On the other hand, our numerical results indicate that in the future, when the perturbations of DE are the only sources of the gravitational potential, a change of the sign of Ψ occurs on a scale-dependent order: it starts at large scales and progressively affects the smaller ones. We also find that this effect is model dependent, in the sense that it happens first in the model (i), which leads the Universe to a BR singularity, then in model (ii) which leads to a LR abrupt event, while in model (iii) which leads to a less virulent LSBR abrupt event, this effect happens later. We interpret this result as a change in the behaviour of gravity, which in the far future becomes repulsive and starts to rip structures apart, an effect that was already discussed in previous works [34, 36] on the same kind of phantom DE-fuelled abrupt events.
Using the results of the numerical integrations, we obtain for each model theoretical prediction for the matter power spectrum, as observed today, and the late-time evolution of the observable combination f σ 8 . In all three models the deviations to the results of ΛCDM are within the 1% margin for the matter power spectrum (cf. Fig. 3) , and within the 0.3% margin for f σ8 (cf. Fig. 4 ). Comparing the results of the three models we find that the deviations to ΛCDM, are stronger for the model (i) that leads the Universe to a BR and weaker in the model (iii) that leads the Universe to a LSBR, while the model (ii) that induces a LR in the future has an intermediate behaviour. This suggests that these effects become more noticeable the more the background model deviates from ΛCDM at the present time.
We compare the evolution of f σ 8 for low reshift (z 1.4) with the latest observations and find that, for all the models, the curve of f σ 8 is within the error bars for most data points. We quantify the deviation from the observations by calculating the corresponding reduced χ 2 , which allows us to make a preliminary comparison of the results for the three models. We find that all models are only slightly worse that ΛCDM at fitting the observational data. Here, we note that we do not perform a true statistical comparison of our models with observations, in particular we do not take into account the difference in number of parameters of the models. Nevertheless, since the three models analysed in this work have the same number of free parameters, the reduced χ 2 allows us to state that model (i) provides the worse fit, while model (iii) seems to be of the three models analysed the one that best fits the observational data. We thus conclude that although the ΛCDM model gives the best fit to the observations, we cannot exclude other models like the ones analysed in this work.
In general, the results of this paper suggest the possibility of finding imprints of a phantom DE which can be in agreement with the current observations. Nevertheless, the effects are small and a further examination is necessary to find an indication that could more clearly differentiate each model. We also stress that since we did not make an observational fit of these models (from a homogeneous and isotropic point of view), all our results should be taken as a guideline for a more accurate study that we hope to carry in the future.
While the classical cosmological pertubations of these models at first order are well defined, as we have shown, there are still some fundamental and intrinsic problems related to phantom dark energy models. In fact, as discussed in [23, 90, 91] , when a particle-physics description of the phantom dark energy is attempted, some instabilities may rise in theory due to higher order effects. In all three models presented in this work, this kind of effects can potentially become more problematic as the Universe evolves into one of the cosmological events considered, as the energy density becomes increasingly high. Though a thorough examination of these effects and the compatibility of the phantom dark energy models with a particle physics description is outside the scope of this paper, we will take this question into account in a future work. pressure, which for the phantom field case in a FLRW background are given by the expressions:
Likewise, the term of the equation of motion of the field that depends on the derivative of the potential suffers a change of sign:φ
From Eqs. (A2) we find that for positive valued potentials the parameter of EoS of the phantom scalar field, w ϕ = p ϕ /ρ ϕ , can evolve dynamically in the interval ] − ∞, −1], while from the equation of motion (A3) we find that the field tends to climb the potential towards a state of higher energy [21] . In Section II we have reviewed three phantom DE models that lead to abrupt events in the future: model (i) leads to a BR; model (ii) leads to a LR; model (iii) leads to a LSBR. At the background level, these models can be mapped to a phantom scalar field through the identificationṡ
Once the background evolution is imposed, the shape of the potential can be found by integrating the first equation of (A4)
inverting the expression obtained to find ρ(ϕ) and finally plugging the result in the second equation of (A4) we get V (ϕ). For the three models at hand, we can solve (A5) analytically well inside the DE dominated regime, i.e., for t ≥ t * we have H 2 ≈ (κ 2 /3)ρ d , obtaining for each case the potential [40, 41, [93] [94] [95] 
We now look at the evolution of the linear scalar perturbations of such models. In the phantom scalar field description, the evolution of the perturbation δϕ in the Newtonian gauge is given by [21, 96] 
As long as the squared mass term k 2 − a 2 d 2 V /dϕ 2 is positive, then the perturbation δϕ is free of instabilities [21] . However, for the three models considered in this work, the second derivative of the potential is always positive; in fact, from Eq. (A6) we find that for the models (i) and (ii) d 2 V /dϕ 2 goes to infinity as the field climbs the potential, while for the model (iii) it is a positive constant. Therefore, in all cases as the Universe expands the effective mass of the perturbation δϕ becomes imaginary and the unstable regime sets in.
As discussed above, for the three models considered in this work there is an instability at the perturbative level that leads δϕ to extremely large values in the far future, as the Universe evolves towards a cosmological singularity or abrupt event. However, as we will see next, if we describe the linear perturbations of the scalar field from an hydrodynamical point of view, this instability is not displayed for δ ϕ = δρ ϕ /ρ ϕ or for the gravitational potential Ψ. 
Under a general gauge transformation (η, x i ) → (η, x i ) + (δη, ∂ i δx) the energy density and pressure perturbations and the peculiar velocity in the final (2) and initial (1) gauges are related through [62] δρ (2) A = δρ 
where B is related to the metric perturbation δg 0i and is set to zero in the Newtonian gauge [62] . From Eq. (B2) we arrive to the conclusion that the non-adiabatic term in Eq. (B1) is gauge invariant. Since by definition, we have δp A = c 2 sA δρ A in the rest frame of the fluid A, we can write δp naA as [61, 62] δp naA = δp A | r.f. − c 
Next, we note that in order to change from the rest frame gauge (v a | r.f. = 0, B| r.f. = 0) to the Newtonian one (B = 0) we have to set v a = δη, cf. Eq. (B2). Therefore, we find that in the Newtonian gauge the previous equation can be written as [61, 62] δp A = c (B4) the instabilities. As such, barotropic fluids with negative adiabatic squared speed of sound, for which c 2 sA = c 2 aA , are stricken by instabilities at the linear level in perturbations. The growth of δ A can be particularly intense during the matter era, when most relevant modes are inside the Hubble horizon, i.e., k 2 ≫ H 2 , and Ψ ∼ const.
